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Abstract: This research will show the analytical way of determining the remaining life of a welded joint with a fatigue crack initiated in its heat affected zone. The calculation 
will be divided into two stages, since the fatigue crack propagated through the heat affected zone, and then through the parent material. The analysis will be related to 
specimens with different fatigue properties taken into account for both regions. These calculations included a number of models, since different crack lengths were used for 
the heat affected zone and the parent material. There were three pairs of different HAZ vs PM fatigue crack lengths, always with the assumption that the total crack length 
is 5 mm, due to measuring range of the used measuring foils. The aim of this analysis was to apply method typically used in fracture mechanics in order to determine the 
number of cycles in a welded joint with an initiated fatigue crack, depending on a number of parameters. Obtained results were then compared to the results from the 
numerical analysis for the same cases. While the total number of cycles was mostly unaffected by these changes, some noticeable differences were observed between 
individual welded joint regions in question, the heat affected zone and the parent material. 
 





The work presented here was largely inspired by 
various fatigue analyses that were carried out recently. 
Some of them were involved in the crack propagation in 
terms of each individual welded joint region [1-9]. The 
influence of different microstructures, i.e. different welded 
joint regions on fracture behaviour of welded joints became 
an interesting research topic in the field of fracture 
mechanics [1, 10-14], and this recent interest in it inspired 
the work presented here. The goal was to expand the 
methodology developed in [1] to numerical simulations 
which would involve different types of materials for 
welded joints. Even when only focusing on steels, different 
groups of steels can have significantly different 
relationships between their welded joint regions in terms of 
mechanical properties, which results in a number of 
different possibilities for their behaviour in the presence of 
cracks. The cases considered here involved a fatigue crack 
initiated in the heat affected zone of a welded joint, [14]. 
Although fatigue is not the primary concern when it comes 
to this steel applications, there were two reasons why it was 
selected for this analysis-previous work involved a micro-
alloyed high strength steel, so the goal was to select a steel 
with significantly different microstructure, i.e. mechanical 
and fatigue properties; also, relevant experimental results 
for this steel were readily available [14]. In addition, one 
should keep in mind potential applications in problems 
addressed in some of the previous references. 
Following the numerical simulations, numbers of 
cycles were also determined analytically for the same 
models, in order to compare them. Since the fatigue crack 
in this case would propagate through both the heat affected 
zone and the parent material (due to welded joint 
geometry), each of these regions was analysed separately, 
taking into account its corresponding crack length. There 
was a total of three HAZ and PM model combinations, with 
slightly increased HAZ/decreased PM crack length and 
vice versa, whereas the total crack length was always 5 mm 
(due to the measuring foils used, RMF 5) [15]. 
 
 
2 ANALYTICAL PROCEDURE 
 
The analytical determining of the number of cycles 
under fatigue load was based on the procedure shown in 
[16]. In order to carry out this analysis, the following 
parameters were required: 
- Paris coefficients C and m, 
- Stress ratio  
- Static and amplitude stresses 
- Initial crack length, 
- Critical crack length, 
- Crack geometry factor, 1.12 in this case [17]. 
Paris coefficients were adopted from experimental 
data, as is common practice [1, 2]. In this case, coefficient 
C corresponds in MPa mm units. 
The stress ratio in this case was to determine the 
amplitude stresses that would occur in each model. The 
procedure for determining these stresses is as follows: 
- Static stress was calculated based on the bending 
moments from the experiment and the load-bearing cross-
section of the specimen. 
- This cross-section depended on the initial crack length 
and was also decreased by the presence of the 1.4 mm 
notch. For HAZ models, cross-section was always the 
same, for PM models it varied depending on the initial 
crack length, i.e. the final crack length from the HAZ. 
- The applied load also depended on the model-for HAZ 
it was always the starting value of the bending moment from 
the experiment, for the PM the value corresponding to its 
relevant initial crack length was adopted (showing small, but 
non-negligible differences). 
- Amplitude stresses were then determined based on the 
static stresses and the stress ratio. The stress ratio was 0.1 
and it corresponds to the ratio of minimum and maximum 
stresses. Considering this, along with the fact that the 
minimum stress equals static stress minus the amplitude 
stress (maximum stress is obtained by summing the two), it 
was easy to determine the values of amplitude stresses, as 
the only unknown value in this case. 
- The geometry factor, as the name suggests, depends on 
the shape and position of the crack in the loaded structure. 
In the case of a surface edge crack, which was adopted 
here, this value is typically adopted as 1.12 [17]. 
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Values of static and amplitude stresses, required for 
the analytical calculation of fatigue life are shown in Tab. 
1. Additionally, Tab. 1 shows the crack length 
combinations that were considered 2.2 mm HAZ + 2.8 PM, 
2.4 mm HAZ + 2.6 mm PM and 2.65 mm HAZ and 2.35 
PM. These were the lengths originally used in the 
numerical analyses. As can be seen, the total crack length 
was always assumed to be 5 mm, for reasons previously 
explained. As for the initial fatigue crack length in the 
HAZ, it was assumed as 0.2 mm in all three cases. 
 
Table 1 Static and amplitude stresses for each welded joint region model 
Zone 




2.2 mm HAZ, 2.4 mm HAZ, 
2.65 mm HAZ  
160 130.9 
2.8 mm PM 144 117.8 
2.6 mm PM 143.4 117.4 
2.35 mm PM 143.3 117.2 
 
Compared to the first pair of models (2.2 mm + 2.8 
mm), the subsequent models assumed that the heat affected 
zone would be slightly larger, thus resulting in an increase 
in the fatigue crack length through this region. Since the 
total crack length was constant, at 5 mm, this also sugges-
ted that the crack length through the parent material would 
consequently decrease. It was expected that this would lead 
to the number of cycles gradually increasing for HAZ 
models for each pair, and that it will decrease in the PM, 
along with its decreasing length. 
The final formula that was used in order to determine 
the number of cycles, based on the above-mentioned 
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An example of one such calculation is shown in Fig. 1, 
including an extract from excel file with the number of 
cycles formula. The actual file was divided into two 
images, for improved clarity. It should be noted that this 
excel file also takes into account the stress intensity factor 
critical value (fracture toughness), which can be seen in the 
lower left corner of the figure. In this case, KIc was not 
necessary, since its main purpose is to determine the 
critical crack length. For the analysis presented here, 
maximum gauge length of the measuring foil was adopted 
as the critical crack length (5 mm), hence there was no need 
to determine KIc. 
For the heat affected zone models, the total number of 
cycles was around 120 000 for all three cases. The results 
were as follows: 
- 120.750 cycles for the 2.2 mm long HAZ fatigue crack 
- 120.970 cycles for the 2.4 mm long HAZ fatigue crack 
- 121.180 cycles for the 2.65 mm long HAZ fatigue 
crack. 
The number of cycles slightly increased with crack 
length, with differences in hundreds of cycles, which 
implies a small order of magnitude (0.17%). Thus, it can 
be seen that the increase in critical fatigue crack length did 
not have any meaningful effect on the total number of 
cycles for the given increases in length (around 0.2 mm). 
 
 
Figure 1 An example of the excel file used for the analytical calculation of the 
number of cycles, for model PM 2.35 mm 
 
As for the parent material models, the number of 
cycles decreased with the crack length in each subsequent 
model, showing the same trend as the HAZ models, but in 
the opposite direction. This was expected, since the heat 
affected zone had shown significantly higher resistance to 
fatigue crack growth than the parent material. Results in 
this case were as follows: 
- 264 cycles for the 2.8 mm long PM fatigue crack (2.2 
- 5 mm crack growth) 
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- 228 cycles for the 2.6 mm long PM fatigue crack (2.4 
- 5 mm crack growth) 
- 187 cycles for the 2.35 mm long PM fatigue crack 
(2.65 - 5 mm crack growth). 
Significant differences between the two groups of 
models can be seen. The numbers of cycles for the parent 
material in this case ranged from 187 - 264, being notice-
ably lower than for the first group of models (HAZ). 
However, the relative differences in the number of cycles 
were much greater compared to the HAZ models. Since 
PM is weaker in terms of resistance to fatigue crack 
growth, as can be seen from the values of the experi-
mentally determined Paris law coefficients, C and m [10], 
this was expected. The fact that this model had greater 
initial crack lengths certainly did not help matters, either. 
These results are also shown in the form of crack 
length vs number of cycles (a-N) diagrams, which can be 
seen in Fig. 2 to Fig. 5. For the heat affected zone models, 
only one of the diagrams is shown. This was done for the 
simple reason that the differences between the numbers of 
cycles for each model were so small that they could not be 
properly observed on the diagrams, due to their scale. 
 
 




Figure 3 Crack length vs number of cycles diagram for PM model (2.8 mm crack 
length) 
 
These diagrams were constructed based on the same 
procedure as shown in Fig. 1. The number of iterations 
between the initial and final crack lengths were taken into 
account, usually at ~ 0.5 mm crack length increments, 
resulting in a total of 5 - 6 iterations for each case. 
 




Figure 5 Crack length vs number of cycles diagram for PM model (2.35 mm 
crack length) 
 
4 NUMERICAL MODELS 
 
Numerical simulations were performed using extended 
finite element method [18-22], which represents a powerful 
tool for fatigue simulation. All simulations were performed 
in ANSYS R19.2 software. Six models (three pairs of HAZ 
and PM with varying crack length) were made, and the loads 
and boundary conditions corresponding to the experiment 
were defined. Each model was fixed on one end, with a total 
of 1 mm length of the fixed support, and the load was defined 
as the bending moment (taken from the fractomat used in the 
experiment), which was applied on the opposite end of the 
model. The crack was positioned in the tip of the 1.4 mm 
notch. Finite element mesh was defined in the usual way-
with finer elements concentrated around the crack tip, in the 
area where the highest stresses/strains were expected. 
The geometry of the specimen models is shown in Fig. 
6, for one of the combinations (2.2 mm HAZ + 2.8 mm BM), 
including the cracks, which can be seen in the specimen 
centre, at the notch location. Standard dimensions of 10 × 10 
× 55 mm were used in this case. Different colour regions 
denote sections into which the model was defined-one end 
section was used to define the boundary conditions, the other 
was used for the load; the central section was defined as the 
crack domain, in order to simplify the calculation, under the 
assumption that the crack will propagate in the same, vertical 
direction (like in the experiment). An example of a 
numerical model, with the mesh refined around the crack tip, 
can be seen in Fig. 6. The finite element mesh, obtained after 
several iterations to ensure proper result convergence, is 
shown in Fig. 7. 
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Figure 7 Finite element mesh used for the models 
 
5 COMPARISON WITH THE NUMERICAL ANALYSIS 
 
In this section of the paper, the comparison between the 
analytically and numerically obtained results will be pre-
sented. The overview of these results is shown in Tab. 2 and 
Tab. 3, for analytical and numerical results, respectively. 
 
Table 2 Analytical number of cycles results 
HAZ fatigue 
crack 
Number of cycles PM fatigue crack 
Number of 
cycles 
2.2 mm  120,750 2.8 mm 264 
2.4 mm 120,970 2.6 mm 228 
2.65 mm 121,180 2.35 mm 187 
 
Table 3 Numerical number of cycles results 
HAZ fatigue 
crack 
Number of cycles PM fatigue crack 
Number of 
cycles 
2.2 mm  51,160 2.8 mm 2,400 
2.4 mm 51,180 2.6 mm 2,310 
2.65 mm 51,900 2.35 mm 2,260 
 
For comparison purposes, the a-N diagrams obtained by 
the numerical simulation are also shown in Fig. 8 to Fig. 13. 
Certain differences can be observed in the maximum 
values for crack length and number of cycles on the 
diagrams, when compared to the values shown in Tab. 3. 
This was due to the fact that the numerical crack length 
could not be limited to precisely 2.2 mm, 2.4 mm, etc. (this 
was the reason for the 2.35 + 2.65 mm combination-crack 
length cannot be strictly defined and is determined by the 
number of sub-steps in the fatigue analysis). For this reason, 
the number of cycles corresponding to these "round" values 
was determined by interpolation. Since the differences 
between real and round crack lengths were very small, the 
part of the curve between them could be observed as linear, 
hence determining the ratio between these two lengths and 
multiplying the number of cycles with it was sufficiently 
accurate for determining the exact number of cycles. 
 
Figure 8 Crack length vs number of cycles diagram for PM model (2.6 mm crack length), numerical result 
 
Based on the results for all three heat affected zone 
models, it was clear that the differences were negligible, as 
the models differed by around 200 cycles between 
subsequent lengths. In relative terms, this difference was 
around 0.18% between HAZ 2.2 and HAZ 2.4 mm models, 
and 0.17% between HAZ 2.4 and HAZ 2.65 mm models. 
For the parent material models, on the other hand, the 
differences were considerably higher, in terms of percentage 
(much lower in absolute values, but the numbers were 
several orders of magnitude lower to begin with). More 
accurately, the first two models, PM 2.8 mm and PM 2.6 mm 
(corresponding to the HAZ 2.2 and HAZ 2.4 mm models, 
respectively) showed a difference of 13.6% (which is almost 
100 times greater than their HAZ counterparts). The 
difference between the second two (PM 2.6 mm and PM 
2.35 mm) was even greater, this time around 18%. This was 
in accordance with what was previously stated about the 
fatigue crack growth resistance of both welded joint regions 
and the initial conditions.
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Figure 9 Crack length vs number of cycles diagram for PM model (2.8 mm crack length) 
 
 
Figure 10 Crack length vs number of cycles diagram for PM model (2.35 mm crack length) 
 
 
Figure 11 Crack length vs number of cycles diagram for HAZ model (2.2 mm crack length) 
 
 
Figure 12 Crack length vs number of cycles diagram for HAZ model (2.4 mm crack length) 
 
 
Figure 13 Crack length vs number of cycles diagram for HAZ model (2.65 mm crack length) 
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6 DISCUSSION 
 
The above resulted in a considerable increase in the dif-
ference, which was already expected to be of significant 
order of magnitude, based on the experimentally determined 
values of the Paris coefficients for the heat affected zone and 
the parent material, the same that were used in both 
numerical and analytical analyses. When observed in total, 
for a length of 5 mm, these differences were also negligible, 
since the PM number of cycles was almost 600 times lower, 
and their high relative differences were negligibly small on 
the global scale. It was observed for HAZ differences, which 
were very small from the beginning, and as a result, their 
sums barely changed, although they still marginally 
increased with the increase of crack length in the stronger, 
heat affected zone. 
Regarding the numerical results, some interesting 
observations can be made. The numbers of cycles in this case 
were also much higher for the HAZ, being slightly above 
50.000 for the HAZ models, compared to the PM models, 
where these numbers were around 2300. Significantly, 
higher resistance to fatigue crack growth in this case can be 
simply explained by the fact that the input fatigue 
parameters, i.e. Paris coefficients, were the same. Based on 
this, it can be seen that, for the heat affected zone models, 
the analytical calculations provided numbers of cycles more 
than twice greater than the numerical models, and that the 
differences between individual HAZ numerical models were 
also quite small, around 1% or even less.  
Things get interesting for the parent material models, 
since the situation was reversed-the numerically obtained 
numbers of cycles were 8 - 10 times greater than the analy-
tically obtained ones, between individual models. As for the 
differences between analytical/numerical models of diffe-
rent crack lengths, the percentage increase/decrease in the 
number of cycles is significantly higher in the case of 
analytical results, despite obviously lower values. For nume-
rical results, these differences ranged from 2.2 - 3.75%, 
around 5 - 6 times less than the analytical differences. 
As was determined, differences between the two welded 
joint regions (the heat affected zone and the parent material) 
were far more prominent in the case of analytical calculation, 
with HAZ models having ~ 600 times greater cycle numbers, 
as opposed to the numerical ones, where these numbers were 
"only" ~ 25 times greater. The behaviour of the heat affected 
zone and the parent material in terms of resistance to fatigue 
crack growth remained the same in both cases-the heat 
affected zone performed in accordance with the expectations 
based on experimental work-it had shown much higher 
fatigue life in both analytical and numerical analyses. 
In terms of the total number of cycles for each pair of 
HAZ and PM models, which were adopted in the same way 
in both cases (i.e. 2.2 + 2.8 mm, 2.4 + 2.6 mm and 2.65 + 




This research involved the comparison between 
numerical and analytical calculations of fatigue life of 
welded joints, with special focus on how the crack 
propagates through different welded joint region. In order to 
obtain a more detailed insight, different crack length 
combinations, for heat affected zone and parent material 
were adopted, and potential differences between them were 
observed. In terms of total number of cycles (for both zones 
combined), changing the fatigue crack length by amounts 
around ~ 0.2 mm did not make a noticeable difference, and 
similar trends were observed for the HAZ models. For the 
PM models, relative differences were much greater, but the 
number of cycles was significantly lower. While most of the 
results had shown a solid degree of similarity, there was still 
a part of the investigation that resulted in questions which 
should be dealt with during future research was related to the 
difference in the behaviour of "numerical" and "analytical" 
fatigue cracks in the parent material, compared to their heat 
affected zone counterparts. It was expected that both regions 
either have smaller or greater fatigue life in the case of 
analytical calculation, compared to the numerical, but this 
was reversed for the PM. 
This suggests that additional analyses should be 
undertaken as future research, to try and determine why such 
different behaviour was obtained for different welded joint 
regions. This also suggests the need to thoroughly reconsider 
the adopted approximation, so that these models could be 
further improved at some point. 
There are additional directions in which this research 
can be taken, using the models and results presented here as 
the base. This involves the application of the developed met-
hodology to materials which actually "make sense" from the 
viewpoint of fatigue. Another conclusion that can be drawn 
from the presented work is that relatively small changes in 
fatigue crack length did not make any noticeable global 
differences in terms of fatigue life, which suggests that 
future analyses should assume bigger differences in crack 
lengths. This, on the other hand suggests that the geometry 
of each welded joint should also change considerably, to 
explain such increases/decreases in crack length. Finally, it 
can be concluded that this approach would make sense when 
comparing welded joints made of the same material, but with 
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